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Abstract 
Polygonal amalgams of groups are the 2-dimensional analogues of free products with 
amalgamation. In a previous paper the automorphism structure of certain negatively curved 
polygonal amalgams was studied. Here we extend the tools of that paper to study endomor- 
phisms of negatively curved polygonal amalgams of finite groups. In particular we show such 
groups are Hopfian. 
1. Introduction 
This paper is an extension of the work in [S], where automorphisms of negatively 
curved polygonal amalgams were studied. This paper uses similar geometric ideas to 
study the endomorphism structure of negatively curved polygonal amalgams of finite 
groups. Specifically we prove the following theorem: 
Main Theorem. Negatively curved polygonal amalgams of jinite groups are Hopjian. 
Recall that a group is Hopfian if any surjective endomorphism is an automorphism. 
Using an example mentioned in [l] it is easy to show that a negatively curved 
polygonal amalgam of finitely presented Hopfian groups is not necessarily Hopfian, 
so the restriction to having finite vertex groups is not merely a convenience. 
The dual theorem, that any negatively curved polygonal amalgam of finite groups is 
Cohopfian is contained in [S]. 
It is an open question if n-gonal amalgams of finite groups are residually finite, for 
IZ 2 4. (There are infinite simple groups which can be presented as triangles of finite 
groups, see [4].) This seems to be a fairly difficult question since it is not even known if 
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such polygonal amalgams are virtually torsion free (see Cl]). Since a polygonal 
amalgam with more than four sides is automatically negatively curved, the restriction 
to negative curvature does not exclude that many cases of polygonal amalgamation, 
hence the main theorem supports the idea that polygonal amalgams of finite groups 
may be residually finite. 
Because negatively curved polygonal amalgams of finite groups act discretely and 
cocompactly on 1 -connected CAT( - 1) spaces (for n 2 5) they are word hyperbolic in 
the sense of Gromov. Thus the main theorem is also relevant to the question of 
whether word hyperbolic groups are residually finite [S]. 
In Section 2 we review relevant definitions and results. In Section 3 we prove 
various lemmas which will be used in proving the main theorem. The final section 
contains the proof of the main theorem. 
We note that the question of Hopfnicity and Cohopfnicity of negatively curved 
groups has also been studied by Rips and Sela in [9]. Certain special cases of our 
results can be derived from the more general statements in their preprint. 
2. Background, definitions and notation 
Most of the initial definitions and results are available for triangles of groups, and 
the papers cited are for triangles of groups. The reader wanting more detailed 
definitions should consult these papers, and anyone wanting the details for polygons 
which are not necessarily triangles should consult [S]. A polygon of groups is a mild 
generalization of the notion of a triangle of groups (see [ 111) and a specific type of 
complex of groups as defined by Haefliger [7]. 
Definitions. A polygon of groups is a contravariant functor from the poset of the 
faces of a polygon ordered by inclusion, to the category of groups and mono- 
morphisms. 
Groups which are associated to the vertices will be called vertex groups, groups 
associated to edges, edge groups, and the group associated to the whole polygon will 
be called the center group. The vertex groups will be denoted vi, the edge groups Ei 
and the center group C. The edge group E, injects into E and Vi+ i (subscripts taken 
modulo n). 
We make two additional hypotheses in order to avoid degenerate cases: 
(i) A polygon of groups is jilled if the intersection of the edge groups EL- 1 and Ei in 
their associated vertex group vi is always the center group C. Our polygons will 
always be filled. 
(ii) Our polygons will also always be proper in the sense that the functor takes 
proper inclusions to proper monomorphisms. 
The direct limit of such a diagram of groups (or equivalently what A. Haefliger calls 
the fundamental group of the complex of groups) is an amalgamated polygonal product 
of groups or a polygonal amalgam. 
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Canonical example. Let a group r act on a l-connected simplicial 2-complex X with 
X/T a single 2-simplex. Then a fundamental domain for the action of r is a 2-simplex. 
The isotropy groups for the faces of this simplex along with their inclusion maps gives 
a triangle of groups. The original group r is the triangular amalgam. 
In general, triangles of groups can be quite poorly behaved (see [4] or [7]), 
but Gersten and Stallings established geometric conditions which make the limit 
groups moderately well behaved and establish a good amount of control over the limit 
group. 
Definition. Let x be a vertex group in a polygon of groups, and let Ei and Ei+ I be the 
edge groups contained in K and C the center group. There is then an induced map, 
Ei*CEi+l -+ Vi. If the shortest element in the kernel of this map has word length 2n, 
then the Gersten-Stallings angle at v with respect to Ei, Ei+ 1 and C is n/n. 
If the polygon has m sides, then the polygon of groups is non-positively curved if the 
Gersten-Stallings angles sum to I (m - 2)n, and it is negatively curved if the 
Gersten-Stallings angles sum to < (m - 2)~ 
Since, under our hypotheses, the Gersten-Stallings angles are at most ~TC, polygons 
with five or more sides are always negatively curved. 
For information on the CAT(x) inequalities mentioned below, see [2]. Intuitively, 
a metric space satisfies CAT(x) if it is “at least as curved” as the canonical plane of 
constant curvature x. One useful fact about CAT(x) metric spaces is that any finite 
group acting on a CAT(x) space must have a fixed point (for x I 0). 
Theorem 2.1. (Gersten and Stallings). Let 9 be a non-positively curved polygon of 
jinite groups. Then the following are true: 
(a) The vertex groups inject into the amalgamated polygonal product r = l-9. 
(b) There is a l-connected simplicial complex Pr which r acts on with Pr/T a polygon, 
such that there is a natural transformation taking the original polygon of groups 9 to the 
polygon of groups arising from the stabilizers of a fundamental domain. 
(c) Pr supports a piecewise euclidean structure making it a unique geodesic metric 
space satisfying CAT(O). 
In addition, should the polygon be negatiuely curved, (c) can be strengthened to 
(c’) Pr supports a piecewise hyperbolic structure making it a unique geodesic metric 
space satisfying CAT( - 1). 0 
For details on the proof of this theorem see [l l] (or [3] if you would like the details 
when the vertex groups are not necessarily finite). 
The complexes Pr are simplicial complexes, but since the fundamental domains for 
the actions are polygonal, not necessarily a single simplex, it makes more sense to 
think of the Pr as polygonal complexes, or polyhedron. The maximal cells of these 
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complexes (which are the images of a fundamental domain under the group action) 
will be called chambers. 
Such a complex is piecewise hyperbolic [euclidean] if it has a metric structure such 
that each chamber is isometric to a fixed polygon in the hyperbolic plane [euclidean 
plane]. 
The piecewise hyperbolic/euclidean structures are connected to the Gersten- 
Stallings angles. If for instance the Gersten-Stallings angles for a triangle of groups 
are n/l, rt/m and x/n, then give each simplex the metric associated to a euclidean or 
hyperbolic triangle with vertex angles n/l, n/m and x/n, so that r acts by isometries. 
Notice that all the chambers have the same isometry type, so these are metric 
simplicial complexes of type B in the terminology of [3]. 
The Gersten-Stallings angle at a vertex is n/n if and only if the shortest circuit in the 
link of the vertex of Pr fixed by that vertex group is of combinatorial length 2n. Thus 
with this metric it is guaranteed that the sum of the angles about a circuit around 
a vertex of Pr is 2 277 and there is always a circuit where the sum is exactly 27~. The 
CAT inequalities in Theorem 2.1 then follow from the following theorem. 
Theorem 2.2 (W. Ballmann, M. Bridson, M. Gromov). If P is a simply connected, 
piecewise hyperbolic [euclidean] polyhedron and if for all vertices v, the sum of the 
angles about any circuit containing v is 2 27 then P is a unique geodesic space and 
sati.$es CAT( - 1) [CAT(O)]. 0 
Definitions. A geodesic polygon in a geodesic metric space consists of n distinct points 
( pl, . , pn} (the corners) and geodesic segments {e,, . . , e,} (the sides) with the initial 
point of ej equal to pj and the terminal point of ej equal to pj+l (subscripts taken 
modulo n). The polygon is simple if K = u (ej} forms a simple closed curve. 
After a subdivision, we may assume that any simple geodesic polygon K is 
contained in the l-skeleton, P(l), of ‘the negatively curved polyhedron P. The solid 
polygon K is then the set of 2-cells used in the unique 2-chain with (homological) 
boundary K. Such a chain is unique because P is a contractible 2-complex. Intuitively, 
I?; should be thought of as the interior of K. 
If K is a geodesic triangle, the solid triangle l? is simply the union of geodesics from 
any corner, U, to the side of the triangle opposite v, and is a topological disk (see [S]). 
In general the solid polygon associated to a simple geodesic polygon will not be a disk, 
hence we need the following definitions. 
Definitions. A combinatorial map is a simplicial map that is a homeomorphism on the 
closed cells. Given a combinatorial map from some complex S to a negatively curved 
polyhedron P, the simplices of S can be given the metric structure of their images in P. 
Such a combinatorial map is locally large if S with its induced metric structure satisfies 
the large link condition of Theorem 2.2. 
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A mapping disk for a simple closed polygon K is a combinatorial map 4 of D2 into 
P such that: 
(1) The image of 0’ contains I?, 
(2) 4 maps S’ homeomorphically to K, 
(3) 4 is locally large. 
A minimal mapping disk of a polygon K is a mapping disk as above with pulled back 
metric, whose area is minimal. 
The following proposition was proven in [8]. 
Proposition 2.3. Let K be a simple polygon in P, a negatively curved polyhedron, then 
K has a minimal mapping disk. 0 
A crucial step in [IS] is to show that any automorphism of a negatively curved 
polygon of finite groups will map the stabilizers of the faces of some chamber to the 
stabilizers of another chamber. As is mentioned in [S], the argument actually shows 
that any endomorphism of a negatively curved polygonal amalgam of finite groups 
which is injective when restricted to the vertex groups will map the stabilizers of the 
faces of a chamber to the stabilizers of another chamber. Because the isotropy groups 
of a chamber generate the polygonal amalgam, we get the following theorem: 
Theorem 2.4. Let P be a negatively curved polygonal amalgam of jinite groups. Any 
endomorphism which is injective when restricted to the vertex groups is an automor- 
phism. 0 
It is this result which is used in [S] to establish that such groups are Cohopfian. The 
Cohopfnicity is a product of strictly negative curvature, since the planar affine Coxeter 
groups are not Cohopfian. 
Notation. If 4 is an endomorphism of a group r, and G is any subgroup of r, denote 
the image of G under I$ by G&. 
3. Lemmas 
This section contains lemmas which will be used in the proof of the main 
theorem (Section 4) but whose proofs do not fit into the flow of the proof of the main 
theorem. 
Lemma 3.1. Let G and H be groups with surjections CI from G to H and p from H to G. 
Then if G is Hopjian, so is H. Further, the maps a and p must have been isomorphisms. 
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Proof. Since PO cx is a surjective endomorphism of G, which is Hopfian, it is an 
automorphism, so neither c( nor fi could have a kernel. Cl 
Lemma 3.2. The image of an edge group of a polygonal amalgam of finite groups under 
a surjective endomorphism is not contained in the stabilizer of any chamber. 
(Note there are no curvature conditions for this lemma.) 
Proof. Let r be such a polygonal amalgam and let q!~ be a surjective endomorphism of 
r. Assume without loss of generality, that Et is contained in the stabilizer of some 
chamber, Ci. Ci is then a conjugate of the stabilizer of our chosen fundamental 
domain, C, so modulo an inner automorphism we may assume that Et I C. Since 
C < E,, it follows that C4 < Et I C and in general, C+j+l I Et’+’ I C+‘. 
Because C is a finite group, eventually, C’@V” = C’@‘. Thus for a sufficiently large 
power of $I we can assume that Ef” = C”“. For the remainder of the proof assume that 
the map we started with is such that Et = C4. 
Let A be the amalgamated product I’? *so V’$‘*sf ... *sf_, V$. We will build a sur- 
jective map cx from r to A by mapping each Vi to the copy of Vt in A defined by the 
restriction of 4 to Vi. To show this is a well-defined map it suffices to show that these 
maps are consistent with the intersection pattern of the original polygon of groups. 
Since 4 was a well-defined map, it suffices to show that the map 01 is consistent with the 
edge between V, and VI. But E $ = C4 and C is a subgroup of every edge group, hence 
C?’ is a subgroup of every group Ef . So V,$ n Vf 2 Cd = Et and a is a well defined 
surjection. 
We can also define a map fi from A back to r by sending the vertex groups of A to 
the corresponding groups Vt in r. Since the K generate r, the Vi” do also. Thus /I is 
a surjection, and the original endomorphism 4 is just /I 0 CI. 
The fundamental group of a finite graph of finite groups is Hopfian (it’s actually 
residually finite, see [lo]), hence it follows from Lemma 3.1 that r is Hopfian. Thus 
4 would have been an automorphism and Ef could not have been contained in the 
stabilizer of any chamber. q 
Definition. A surjective endomorphism 4 of a polygonal amalgam of groups r is 
maximal if there is no other surjective endomorphism $ of r with the kernel of 
$ non-trivially intersecting any of the Vf. That is, a maximal surjective endomor- 
phism is a surjective endomorphism whose kernel intersects the vertex groups in the 
largest subgroups possible. It is immediate that if r is a polygonal amalgam of finite 
groups, then r has maximal surjective endomorphisms. In addition, if r admits any 
surjective endomorphisms with non-trivial kernel, then r has maximal surjective 
endomorphisms with non-trivial kernel. 
We will need to mimic the direct relation that exists between area and angles in 
classical hyperbolic geometry. The following are combinatorial Gauss-Bonnet lem- 
mas similar to Gersten’s “weight test” in [ll], and can be proven by using the fact that 
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the Euler number of a sphere is 2 (applied to a mapping disk for the geodesic polygon). 
Pr will denote the piecewise hyperbolic contractible polyhedron associated to some 
negatively curved polygon of groups. 
Proposition 3.3. The sum of the interior angles of a geodesic n-gon in Pr is less than 
(n - 2)z. 17 
By “interior angles” we mean the interior angles at the given corners of a minimal 
mapping disk. It is easily shown that these angles are greater than or equal to the 
minimal path between the sides attaching to the corner x in the space of directions for 
x (see [2] for the definition of “space of directions”). 
Proposition 3.4. Let K be a simple geodesic m-gon running in the l-skeleton of Pr, the 
metric complex associated to an n-gon of groups. Then m 2 n. 
Sketch of proof. Note the proposition only applies to n-gons of groups for n 2 4, 
hence we can give each chamber of Pr the metric structure of a hyperbolic n-gon with 
vertex angles of ire at each corner. (For a rectangle of groups we need to use angles 
37~ at three corners and irr at the fourth.) With this new metric Pr still satisfies the 
large link condition of Theorem 2.2. 
Assume the proposition is false and let K be an m-gon with m < n. Let I? be 
a minimal mapping disk for K. Then by identifying two copies of k along their 
boundaries we have decomposed S2 as the union of n-gons where the sum of the 
angles about all but m < n vertices is 2 271 and the sum of the angles at the corners of 
each chamber is f nn (or 9~ for the rectangle). A quick computation with the Euler 
number then shows that this is impossible. 0 
4. Proof of the theorem 
This section will consist entirely of the proof of the main theorem using the lemmas 
from the previous sections. 
Case 1. P is a triangle of groups 
Lemma 4.1. Let 4 be a surjective endomorphism of a non-positively curved triangle of 
finite groups. Then Vf n Vf for i # j is a proper subgroup of Vt . 
Proof. By Lemma 3.2 the images of the edge groups under C#J are non-trivial, and since 
the image of an intersection is contained in the intersection of the images, 
(Vtn Vf> 2 E” #{e}. 
It remains to show that Vf # Vf. Assume to the contrary that they are equal. In 
this case they would both stabilize some vertex a hence they would both be subgroups 
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of some single vertex stabilizer, G,. Since the image of the remaining vertex group 
V,$ is finite, it too is a subgroup of some vertex stabilizer, Gb. If a = b then ~$(r) c G, 
contradicting the fact that 4 is surjective. 
Let E be @’ n Vt and let A = V$’ eE Vf. Then as in the proof of Lemma 3.2 we have 
a surjection a from r to A and a surjection B from A back to r such that @o CI = 4. 
Since A is Hopfian, by Lemma 3.1 r would be Hopfian, hence it could not be true that 
#J(K) = 4(K). 0 
Given a maximal surjective endomorphism 4, let r’ be the direct limit of the 
diagram of groups based on the poset of faces of a triangle, whose vertex groups are 
copies of the ViQ and whose edge groups are the intersections of the Vt in r. Denote 
the vertex groups of r’ by V; and the edge groups by Ei. It is not obvious that this 
system of groups is actually a triangle of groups as defined in Section 2. However, 
Lemma 4.1 shows that the edge groups are proper non-trivial subgroups of the vertex 
groups and Lemma 3.2 show that the edge groups properly contain the center group, 
so r’ is the direct limit of a proper triangle of finite groups. That it is filled follows 
from its definition. As in Lemma 3.2 we again have a pair of surjections a taking 
r onto r’ and p taking r’ back onto r such that 4 = p 0 a. 
Lemma 4.2. Let 4 be a maximal surjective endomorphism, and let r’ be the triangular 
amalgam whose vertex groups are copies of the Vi’ as above. Then r’ is a negatively 
curved triangular amalgam and is Hopfan. 
Proof. We have established above that the triangle of groups is proper but not that 
the Gersten-Stallings angles sum to less than rc. Let d ’ be a geodesic triangle in 
Pr with the ith corner contained in Fix( 6” ). Notice that the geometric angle at the ith 
corner must be greater than or equal to the Gersten-Stallings angle associated to the 
edge groups E;_ 1 and E; in Vi. If the geometric angle were smaller than the 
Gersten-Stallings angle, then there would be a sequence of edge stabilizers giving 
a circuit with angle sum less than 2n which is impossible by construction. By 
Proposition 3.3 the geometric angles of d’ sum to less than rc, so the Gersten-Stallings 
angles for the diagram of groups associated to r’ sum to less than rc. Thus r’ is 
negatively curved. 
Let $ be any surjective endomorphism of r’. We claim that $( V,‘) is isomorphic to 
V,i. If not, then the composition /3 0 $0 a from r to r is a surjective endomorphism 
whose kernel intersects some Vi@ c r non-trivially. But 4 was chosen to be a maximal 
surjective endomorphism. Hence, since I/J is an isomorphism on the vertex groups, by 
Theorem 2.4, $ is an automorphism of r’. 0 
Corollary 4.3. A negatively curved triangular amalgam ofpnite groups is Hopjian. 
Proof. This follows immediately from Lemmas 4.2 and 3.1. q 
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Case 2. r is a n-gonal amalgam (n 2 4) 
Let 4 be a maximal surjective endomorphism of r. Let pi be some vertex fixed by 
V$ where the 6 are the stabilizers of the vertices of some chamber. Since by Lemma 
3.2 the group E f is not contained in any stabilizer of a chamber, the geodesic between 
pi and pi+ 1 (indices taken modulo n) must then run through the l-skeleton of Pr. Let 
K be the closed curve given by the union of the geodesics between consecutive pi’s. 
Lemma 4.4. K is not a tree. 
Proof. This proof is similar to the proof of Lemma 4.2. Assume to the contrary that 
K is tree. We will associate groups and monomorphisms to this tree forming a tree of 
groups (i.e., a graph of groups as in [lo] where the graph is a tree). 
Let ui be a vertex of the tree K. Let Xi be the union of the Vj@ and the groups 
Ef’ which fix the vertex Ui. Let Gi be the group generated by Xi and associate this 
group to the vertex Ui. 
The group associated to an edge of the tree K will just be the intersection of its 
associated vertex groups Gi in r. Let A be the fundamental group of this tree of 
groups. Since this is a finite tree of finite groups, A is Hopfian. 
There is a surjective map from A back to r sending the vertex groups Gi of T back 
to their copies in r. There is also a surjection from r to A given by sending the groups 
x to the copy of q4 contained in the Gi. By Lemma 3.1 then, r is Hopfian. Thus the 
surjective endomorphism 4 must have been an automorphism and it is shown in [S] 
that K is the boundary of a chamber if q5 is an automorphism. 0 
Lemma 4.5. The chosen vertices pi fixed by the Vt are distinct. In addition, Vf n Vt+ 1 
is a proper subgroup of Vi for all i (indices taken modulo n). 
Proof. Let @ denote the set of pi’s. If @ contained only one vertex v, then 4(r) would 
be contained in the stabilizer of u which is impossible since 4 is a surjection. If 
@ contained m vertices, for m < n and K was not a tree, then K would contain a simple 
closed I-gon K, for 1 s m < n. But K sits in the l-skeleton, so by Proposition 3.4 
Pr cannot contain any 1-gons in the l-skeleton for 1 < n. Thus the vertices pi must be 
distinct. 
The second statement in the lemma follows from the first since if Vi6 = Vt n Vz 1 
then we could have chosen pi to be the same vertex as pi+ i which is impossible by the 
previous argument. 0 
Our ultimate goal is to show that the maximal surjective endomorphism 4 is an 
automorphism. If 4 had a kernel, then so would 4 2, so it will suffice to prove that 4’ is 
an automorphism. 
Lemma 4.6. Ef” n ET’ is the same group for any i # j. 
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Proof. Let E$ denote Et“ n Ef”. Since C the center group of the original quadrilat- 
eral of groups is just Ei n Ej, Efj 2 C @‘. But Lemma 4.4 shows that the set K is not 
a tree, and Lemma 4.5 shows that K contains an n-gon, so if i # j, the set of points 
stabilized by EFj must contain a chamber. Thus modulo an inner automorphism we 
may assume that Etj I C and that C@ i C. Applying 4 again then gives 
C@ 5 E$ < C@. But 4 was assumed to be maximal, so C@ = Cb. Thus E$J = C@” 
foranyifj. 0 
Lemmas 4.5 and 4.6 allow us to define a new n-gon of finite groups, 9’. Let the 
vertex groups be the Vi”, the edge groups the intersections of the Vi~“s and the center 
group C’@. Since the Gersten-Stallings angles are smaller than the geometric angles, 
and the geometric angles sum to less than (n - 2)~ by Theorem 2.4, the n-gon of 
groups is negatively curved. It is also proper and filled. 
Lemma 4.7. Let 4 be a maximal surjective endomorphism, and let r’ = li_mP’ be the 
polygonal amalgam of the new negatively curved n-gon of groups with Vf” as vertex 
groups. Then r’ is Hopfan. 
Proof. The proof is essentially the same as the proof of Lemma 4.2. Cl 
Combining Lemma 4.7 with Lemma 3.1 we establish the following corollary which 
ends the proof of the main theorem. 
Corollary 4.8. A negatively curved (n 2 4)-gonal amalgam of jinite groups is Hopjian. 0 
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